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Abstract 

Proceeding from nonlinear realizations of the most general N=4, d=l superconfor- 
mal symmetry associated with the supergroup D(2,l;a), we construct all known 
and two new off-shell N=4, d=l supermultiplets as properly constrained N=4 su- 
perfields. We find plenty of nonlinear interrelations between the multiplets con- 
structed and present a few examples of invariant superfield actions for them. The 
superconformal transformation properties of these multiplets are explicit within our 
method. 



1 Introduction 



Supersymmetric quantum mechanics (SQM), being the simplest supersymmetric theory, 
has a lot of interesting and important applications. In particular, it provides a nice 
laboratory for the study of many characteristic features of supersymmetric theories in 
higher dimensions (see e.g. P and refs. therein). Superconformally invariant SQM models 
are of special significance in the AdS2/CFTi correspondence and black hole moduli spaces 

The interest in SQM models with extended supersymmetry is largely due to the fact 
that extended supersymmetry in one dimension displays a number of surprising peculiari- 
ties as compared with its higher- dimensional counterparts. For instance, A^>4 supersym- 
metric models feature target space geometries which in general cannot be reproduced from 
those of higher- dimensional models via dimensional reduction j3j. Another phenomenon 
(tightly related to the just mentioned one) is the diversity of off-shell multiplets of iV>4 
supersymmetries in d=l. Some of them can be directly recovered by dimensional reduc- 
tion from off-shell multiplets of, say, A^=l or N=2 supersymmetries in (i=4, but there 
exist some off-shell multiplets whose d=A analogs are on shell! A striking example is the 
A^=4, d=l multiplet (4, 4, 0) j4i|Sj that comprises four bosonic and four fermionic physical 
degrees of freedom but contains no auxiliary fields at all. Its analog in d>l is the on-shell 
hypermultiplet. 

In view of this great number of inequivalent off-shell multiplets for A^>4 supersymme- 
tries in d=l it is desirable to work out a self-consistent method of deriving the appropriate 
superfields and their irreducibility constraints directly in one dimension, without resort- 
ing to the dimensional reduction procedure. To have such a tool and the complete list of 
off-shell superfields obtained with its help is important both for constructing new SQM 
models and for establishing precise interrelations between them. 

In the present paper we focus on the case of iV=4, d=l supersymmetry (with 4 real 
supercharges) and propose to derive its various irreducible off-shell superfields from differ- 
ent nonlinear realizations of the most general iV=4, d=l superconformal group D{2, 1; a) 
jB]. An advantage of this approach is that it simultaneously specifies the superconformal 
transformation properties of the superfields, though the latter can equally be used for 
constructing non-conformal SQM models as well. As the essence of these techniques, any 
given irreducible N=4, d=l superfield comes out as a Goldstone superfield parametriz- 
ing, together with the N=4:,d=l superspace coordinates, some supercoset of D{2,l;a). 
The method was already employed in our paper [7j where we have re-derived the off-shell 
multiplet (3, 4, 1) [HI El QQ] from the nonlinear realization of D{2, 1; a) in the coset with 
an SL{2, R) x [SU{2)/U{1)] bosonic part (the second SU{2) C D{2, 1; a) was placed into 
the stability subgroup). 

Here we consider nonlinear realizations of the same conformal supergroup D(2,l;a) 
in its other coset superspaces. In this way we reproduce the (4, 4, 0) multiplet and also 
derive two new off-shell multiplets which, to the best of our knowledge, have not been 
used before in N=4:,d=l SQM model building. The (4,4,0) multiplet is represented by 
superfields parametrizing a supercoset with the bosonic part being SL{2,R) x SU{2), 
where the dilaton and the three parameters of SU{2) are identified with the four physi- 
cal bosonic fields. One of the new Goldstone multiplets is a d=l analog of the so-called 
nonlinear multiplet of N=2,d=4 supersymmetry ^T]. It has the same off-shell contents 
(3, 4, 1) as the multiplet employed in fTI but it obeys a different constraint and enjoys 
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different superconformal transformation properties. It corresponds to the specific non- 
linear realization of D{2,1; a) where the dilatation generator and one of the two SU{2) 
subgroups are placed into the stability subgroup. One more new multiplet of similar type 
is obtained by placing into the stability subgroup, along with the dilatation and three 
SU{2) generators, also the U{1) generator from the second SU{2) C -D(2, 1; a). It has the 
same field content as a chiral N=A, d=l multiplet, i.e. (2, 4, 2). Hence, it may be termed 
the nonlinear chiral super multiplet. It is exceptional in the sense that no analogs of it 
are known in N=2, d=4 superspace. For the two new multiplets, we construct general 
off-shell superfield actions and consider in some detail (by passing to components) a few 
instructive examples for these actions. Also we find a number of surprising interrelations 
between the superfields in question. Finally, we apply our techniques to a central charge- 
extended SU{1,1\2) supergroup obtained as a contraction of D{2,l;a) and derive the 
appropriate analogs of N=A, d=l multiplets considered before. 

2 Supergroup D(2,l;a) and its nonlinear realizations 

We use the standard definition of the superalgebra -D(2, 1; a) [HI with the notations of ref. 
j7]. It contains nine bosonic generators which form a direct sum of s/(2) with generators 
P, D, K and two su{2) subalgebras with generators V, V, V3 and T, T, T3, respectively: 

z [D, P]=P,i [D, K] = -K, I [P, K] = -2D, % V\ = -V, i [V^,V\ = F, 
I [V,V\ = 2V^, I [T3,T] = -T, I [T3,T] = T, ^ [T,T] = 2T3. (2.1) 

The eight fermionic generators Q^,Q^,S^,Si are in the fundamental representations of 
all bosonic subalgebras (in our notation only one 5^(2) is manifest, viz. the one with 
generators V, V , V3): 



i[D,Q'] 


= -Q\ 
2 




--S\ 
2 ' 


i[P,S^]=-Q\i[K,Q^]=S\ 






. ^[V^,Q'] = 


= - V, 

2 






2 ' 


^ [Vs, S'] = 






^[^3,g'■] 


= -Q\ 

2 


t[Ts,S'] = 




[T,Q^] =g*, z[T,y] =r (2.2) 



(and c.c). The splitting of the fermionic generators into the Q and S sets is natural and 
useful, because Q^,Qk together with P form N = 4,d = 1 super Poincare subalgebra, 
while S^, Sk generate superconformal translations: 

{Q\Q,} = -26]P, {S\S,} = -25iK. (2.3) 

The non-trivial dependence of the superalgebra D(2, 1; a) on the parameter a manifests 
itself only in the cross-anticommutators of the Poincare and conformal supercharges: 

{Q\S'] = -2{l + a)e'^T, {Q\'S2]=2aV, {Q\'S i] = -2D - 2aV:i + 2{l + a)T^, 
{Q\'Si] = -2aV, {Q\'S2] = -2D + 2aV^ + 2{l + a)T^ (2.4) 
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(and c.c). The generators P, D, K are chosen hermitian and the remaining ones obey the 
following conjugation rules: 



(r)t = T, (Ta)^ = -Ts, {V)^ = V, (Vs)^ = -Vs, (Q^) = Q„ (S^ = S.. (2.5) 

The parameter a is an arbitrary real number. At a = and a = —1 one of the su{2) 
algebras decouples and the superalgebra su{l, 1|2) Q)su{2) is recovered. The superalgebra 
D{2, 1; 1) is isomorphic to osp{4*\2) } There are some equivalent choices of the parameter 
a which lead to isomorphic algebras Z)(2, 1; a) [U]. 

We will be interested in diverse nonlinear realizations of the superconformal group 
D{2,1] a) in its coset superspaces. As the starting point we shall consider the following 
parametrization of the supercoset 

The coordinates t, 6i, i9* parametrize the N = A,d = 1 superspace. All other supercoset 
parameters are Goldstone N = 4 superfields. The group SU{2) oc (V, V, V3) linearly acts 
on the doublet indices i of spinor coordinates and Goldstone fermionic superfields, while 
the bosonic Goldstone superfields f,'^,4> parametrize this SU(2). Another SU{2) as a 
whole is placed in the stability subgroup and acts only on fermionic Goldstone superfields 
and 6''s, mixing them with their conjugates. With our choice of the SU{2) coset we are 
led to assume that a ^ 0. We could equivalently choose another SU{2) to be nonlinearly 
realized and the first one to belong to the stability subgroup, then the restriction a ^ —1 
would be imposed. 

In principle, we could lift up the second SU{2) into the coset, with adding the relevant 
Goldstone superfields. In Sec. 8 we shall briefly discuss this more general situation and 
argue that it does not add new non-trivial options. 

The left-covariant Cartan one-form VL with values in the superalgebra D(2, is 
defined by the standard relation 

g-Ug = n. (2.7) 

In what follows we shall need the explicit structure of several important one-forms in the 
expansion of Vt over the generators. 



ojj^ = idu-2 {^'d9i + iJidO') - 2izdi , 

UJv = = Ma + UJv + A'^Uy — AcDyJ ; 

1 I A A L "JJ 



1 + AA' -J ' ' ^^^^ 



idA + OJv + A^CJy + Auy.^ 



— = [i [dAA - AdA) + (l-AA) uy^ - 2 {Auy - Auv)] ■ (2.8) 

Here 

cuv = 2a [tp2de^ - tp^ {de2 - ^2di)] , (5y = 2a [tp'^d9i - tpi [dP - ^j'^dt)] , 

UJv, = 2a [ipide^ - ii^dOi - tpidO^ + tp'^dOi + (^^Vi - ^^2) di\ , (2.9) 

^Sometimes D{2, l;a) is defined so that these special values of a are excluded In our definition 
we retain these values in order to be able to consider all inequivalent cases on equal footing. 
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di=dt + i{eid9' + 9'dei) , (2.10) 

and 

tan -r tan , . x 

A = ^P^-(/?,A = ^^(^. (2.11) 

The semi-covariant (fully covariant only under Poincare supersymmetry) spinor deriva- 
tives are defined by 

= — + z9'dt , A = ^ + ^0A , {D\Dj} = 2i5idt . (2.12) 

Let us quote the transformation properties of the = 4 superspace coordinates and 
the basic Goldstone superfields under the transformations of supergroup -D(2, 1; a). 

The variations of the A^ = 4, c? = 1 superspace coordinates under the A^ = 4, c? = 1 
Poincare supergroup ar generated by acting on the coset element ()2.fi|l from the left by 
the element ^ _ 

g^ = e''^'+'"Q^ e D{2,l;a) . (2.13) 

The resulting transformations are 

St = i[e-e-e-e) , 6ei = ei , 66' = e\ (2.14) 

All our superfields are scalars under the latter transformations. 

The superconformal transformations are generated by acting on the coset element ()2.6p 
from the left by the element 

= e'^s^+^'^, , (2.15) 

and explicitly they read 

St = -it{e-e + e-e) +{1 + 2a)e -^e-e-e-e), 

69i = Eit - 2ia9,{9 ■ e) + 2i{l + a)9i{9 ■ e) - z(l + 2a)ei{9 ■ 9) , 

5u = -2i{f9 + e-9) , 

5(t) = 2a \e^9i - f92 - ti¥ + ea^' + {f9i - e^P) A + {e^92 - es^') A] , 

6A = 2ia {9^^ - 9^2 + {Pe^ - 9if) A^ + (^^ei - 9^6^ + 92^ - 9^2) A] . (2.16) 

The A^ = 4 superspace integration measure dtd'^9 is transformed as 

6 dtd^9 = 2i{e ■ 9 + e ■ 9) dtd'^9 . (2.17) 

The covariant derivatives D', Di transform as 

5D' = i[{2 + a){e ■ 9) + a{9 ■ e)] - 2z(l + a){e-9)D' - 2ia [e^'9k) + 9^%^] D\ 

6Di = t[{2 + a){e-9) + a{9 ■ e)] A - + a){9 ■ e)A - 2ia [e(i4) + ^e^)] D^(2.18) 



^When summing over doublet indices we assume them to stay in a natural position; the Grassmann 
coordinates and their conjugates carry lower case and upper case indices, respectively. We use a short- 
hand notation "tp ■ £, = ip'^£,i = ■ "ip. The contraction of spinors of equal kind is defined as a • 6 = a^bi, 
a ■ b = ciiV . 
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From these transformations it follows, in particular, that chiral N = A, d = 1 superfields 
can be defined covariantly with respect to the superconformal transformations only at 
a = —1, i.e. in the case of the supergroup SU{1, 1|2). 

Since all other D{2,1; a) transformations appear in the anticommutator of the confor- 
mal and Poincare supersymmetry generators, it is sufficient to require invariance under 
these two super symmetries, when constructing invariant actions for the considered system. 

For further use, we also give the explicit expressions for the variations of our superspace 
coordinates and superfields with respect to two SU{2) subgroup. They are generated by 
the left action of the group element 

= ^iaV+iaV^ibT+ilT ^2.19) 

and read 

561=16'^ ~a92, 662 = -W^ + aOi, 

6A = a + aA^, SA = a + oA^, Sep = i (aA - dA) . (2.20) 



3 N=4, d=l "hypermultiplet" 

The basic idea of our method is to impose the appropriate D(2, 1; a) covariant constraints 
on the Cartan forms ()2.7|) . ()2.8p . so as to end up with some minimal N = A^d = 1 
superfield set carrying an irreducible off-shell multiplet of = 4, c? = 1 supersymmetry. 
Due to the covariance of the constraints, the ultimate Goldstone superfields will support 
the corresponding nonlinear realization of the superconformal group -D(2, 1; a). 

Let us elaborate on this in some detail. It was the desire to keep N = A^d = 1 
Poincare supersymmetry unbroken that has led us to associate Grassmann coordinates 
9i^9^ with the Poincare supercharges in ()2.(ij) and fermionic Goldstone superfields 
with the remaining four supercharges which generate conformal supersymmetry. The 
minimal number of physical fermions in an irreducible N = 4:,d = 1 supermultiplet is 
four and it nicely matches with the number of fermionic Goldstone superfields in ()2.6p the 
first components of which can so be naturally identified with the fermionic fields of the 
ultimate Goldstone supermultiplet. On the other hand, we can vary the number of bosonic 
Goldstone superfields in (12. 6^ : by putting some of them equal to zero we can enlarge 
the stability subgroup by the corresponding generators and so switch to another coset 
with a smaller set of parameters. Thus, for different choices of the stability subalgebra 
the coset ()2.6|) will contain different numbers of the bosonic superfields, but always the 
same number of fermionic superfields ipiiip^. Yet, the corresponding sets of bosonic and 
fermionic Goldstone superfields contain too many field components, and it is natural to 
impose on them the appropriate covariant constraints in order to reduce the number of 
components as much as possible. For preserving off-shell = 4 supersymmetry these 
constraints must be purely kinematical, i.e. not imply any dynamical restriction like 
equations of motion. 

Some of the constraints just mentioned should express the Goldstone fermionic super- 
fields in terms of spinor derivatives of the bosonic ones. On the other hand, as soon as the 
first components of the fermionic superfields are required to be the only physical 

fermions, we are led to impose much stronger condition that all spinor derivatives of all 
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bosonic superfields are properly expressed in terms of ipi, . Remarkably, these latter 
conditions will prove to be just the irreducibility constraints picking up irreducible = 4 
supermultiplets. In this and next Sections we shall demonstrate how this procedure works 
for various cosets which correspond to placing some of the original coset bosonic genera- 
tors D, V, V, V3 into the stability subalgebra. Note that in the cases when the dilatation 
generator D is among the coset generators (this is true for the options considered here and 
in the next Section) we should also keep the conformal boosts generator K in the coset 
on equal footing with the translation generator P. This requirement is necessary for the 
Cartan form ujo in ()2.8|) to be separately covariant under the left action of D{2, 1; a). Ac- 
tually, this is the standard way of doing with nonlinear realizations of the d = 1 conformal 
group SL{2,R) ~ 50(1,2) [12]. 

We shall start with the most general case when the coset ()2.6p contains all four bosonic 
superfields u,(p,(p,4>. Looking at the structure of the Cartan 1-forms ()2.8p . it is easy to 
find that the covariant constraints which express all spinor covariant derivatives of bosonic 
superfields in terms of the Goldstone fermions amount to setting equal to zero the spinor 
projections of these 1-forms (these conditions are particular case of inverse Higgs effect 
ll^j). Thus, in the case at hand we impose the following constraints 

CUD = CUy 1= CJyl = LUyg | = , (3.1) 

where | means restriction to spinor projections. These constraints are manifestly covariant 
under the whole supergroup D{2, 1; a). They allow one to express the Goldstone spinor 
superfields as the spinor derivatives of the residual bosonic Goldstone superfields u, A, A, 
and imply some irreducibility constraints for the latter: 

D^A = -2iaA {^p^ + A^'^) , D^A = -2ia {^p'^ - Aip^) , Z^V = -2a {^p^ + A^^) , 
D^A = 2ia {ip^ + Aip^) , D^A = -2iaA {ip^ - Aip^) , = 2a (^^ - A^^^) , 
D\ = 2iij\ D^u = 2iij^, u = 2z (3.2) 

(and c.c). The irreducibility conditions in this and other cases which we shall consider 
further arise due to the property that the Goldstone fermionic superfields are simulta- 
neously expressed by ()3.2|) in terms of spinor derivatives of different bosonic superfields. 
Then, eliminating these spinor superfields, we end up with the relations between the spinor 
derivatives of bosonic Goldstone superfields. To make these constraints most feasible, it 
is advantageous to pass to the new variables 



= _ A, = , _ , qi = , _ A, = , _ • (3.3) 

Vl + AA Vl + AA Vl + AA Vl + AA 



In terms of these variables the irreducibility constraints acquire the manifestly SU{2) 
covariant form 

D(^gi) = 0, D^'q^^ = . (3.4) 

This N = 4,d = 1 multiplet was already considered, in the component and = 1 
superfield approaches, in [H El CH CH] and also was recently studied in A^ = 4, ci = 1 
harmonic superspace jTHj. Off shell it contains 4 bosonic and 4 fermionic fields and no 
aiixiliary fields. In this respect it resembles the N = 2,d = 4 hypermultiplet. But in 
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contrast to the d = 4 case the constraints (j3.4p define an off-shell multiplet in ci = 1. In 
fact, all other known N = 2, d = 4 supermultiplets also have N = 4,d = 1 descendants. 
Their defining constraints follow from the N = 2,d = 4 ones by discarding space-time 
spinor indices of the covariant derivatives. In the forthcoming Sections we shall reproduce 
all these N = 4,d = 1 supermultiplets within our nonlinear realizations framework. 
Note that the supermultiplet can be considered as a fundamental one since all its 
components have the interpretation as Goldstone fields: 4 fermions are Goldstino for the 
nonlinearly realized conformal = 4 supersymmetry, while 4 bosons are Goldstone fields 
for the nonlinearly realized dilatations and SU{2) transformations. All other irreducible 
multiplets derived in next Sections contain auxiliary fields which admit no immediate 
interpretation as Goldstone fields. 

Let us note that in the present approach it is easy to define the transformation prop- 
erties of under the group D{2,1; a) because we know the transformation properties of 
N = 4,d = 1 superspace coordinates and all original Goldstone superfields in fl2.6|) . while 
the constraints (|3.4|) are covariant by construction. In particular, the transformations of 
conformal supersymmetry read 

6q' = 2ta {e'ej - 6%) . (3.5) 

Superconformally invariant superfield action of the sigma model type can be easily 
found to be 

= j dtd^d{q-q)^ . (3.6) 

The invariance of ()3.6p follows from the transformation properties of the integration mea- 
sure ()2.17|1 and q ■ q: 

5{q-q) = -2ta{e-9 + e-9){q-q) . (3.7) 

The case with a = —1 should be considered independently, because as a consequence of 
()3.4|) we have 

D'Di (^] = DiD' (^] = [D\D4 (^] = (3.8) 
\q-qj \q-qj \q-qj 

and therefore the action ()3.6|) vanishes in this special case. Hence, we instead consider 
the action 

^("=-1) = - / dtd'e Aiiill , (3.9) 
^ J q-q 

which is invariant up to a total derivative in the integrand. One can check that jr^St 



(a) 



Q 



is regular for any a and coincides with Sg°'~~^'^ for a = —1. This situation is similar to 
the case of N = 4, d = 1 supermultiplet considered in ^ (see next Section). 

A more detailed discussion of possible actions for multiplet can be found in jTHj. 
In particular, there exists a superpotential-type off-shell invariant which, however, does 
not give rise in components to any scalar potential for the physical bosons. Instead, it 
produces a Wess-Zumino type term of first order in time derivative. It can be interpreted 
as a coupling to a four- dimensional background abelian gauge field. The superpotential 
just mentioned admits a concise manifestly supersymmetric superfield formulation as an 
integral over an analytic subspace of A^ = 4, c? = 1 harmonic superspace [TH] . 
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4 N=4, d=l "tensor" multiplet 

This multiplet has been derived from a nonlinear realization of D{2,1] a) and considered 
in detail in j7j. Here we shortly recall the basic points of the construction of j7] as a 
particular case of the general method described in the beginning of the previous Section. 
The relevant formulas will be needed for establishing relationships of this N = 4,d = 1 
"tensor" multiplet with other ones. 

The "tensor" multiplet corresponds to the choice = in the coset element ()2.6|) . 
which amounts to transferring f/(l) C SU (2) into the stability subgroup. Thus in this case 
one deals with a supercoset involving SL{2,R) x [SU{2)/U{1)] as the bosonic manifold 
and, respectively, with three bosonic Goldstone superfields u, A, A. In accord with our 
general approach, we impose the following set of constraints: 

lud = 1= ^v\ = . (4.1) 

Let us point out that now one cannot impose any constraints on the Cartan form uy^ 
because it gets transforming inhomogeneously under D(2, Explicitly, the set of 

constraints ()4.H) reads 

D^A = -2iaA {ip^ + Atp^) , D^A = -2ia {ip^ - Aip^) , D\ = 2ii>\ 

D^A = 2ia (^^ + Aip^) , D^A = -2mA {^p^ - A^^) , D^u = 2#^ u = 2z (4.2) 

(plus c.c). After introducing a new = 4 isovector real superfield V^^ {V^^ = V^^ and 
V'^'^ = Gii'^kk'V^ ^ ) via the identification 



1 + AA ' 1 + AA ' V2 1 + AA ' 

= V'^'V^k = e^"" , (4.3) 

the irreducibility constraints for the bosonic superfields following from ()4.2p can be cast 
in the manifestly SU (2)-symmetric form 

l^iiyjk) ^ Q ^ -^(iyjk) ^ Q _ ^4 4^) 

The constraints ()4.4|1 could be obtained by the direct dimensional reduction from the 
constraints defining N = 2,d = 4 tensor multiplet ^Zj in which one suppress the SL{2, C) 
spinor indices of c? = 4 spinor derivatives, thus keeping only the doublet indices of the 
i?-symmetry SU{2) group. This is the reason why we can call it = 4, = 1 "tensor" 
multiplet.^ Of course, in one dimension no any differential (notoph-type) constraints arise 
on the components of the superfield V^^ . The constraints ()4.4|) leave in V^'' the following 
independent superfield projections: 

o o 



•^An alternative way to obtain V'^'' via a dimensional reduction from d = 4 is to start from N — l,d — 4 
vector multiplet [S]. The SL{2,C) group is reduced to SU{2) and the indices a, a becomes the doublet 
SU (2) indices. The superfield V'^'^ then comes out as the spatial component of the d — A abelian gauge 
vector connection superfield. 
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where 

X^^D^Vt, Xk = ^=D,Vi. (4.6) 

Thus its off-shell component field content is just (3,4, 1). The N = A^d = 1 superfield 
y**^ subjected to the conditions ()4.4|) was introduced in ^H] and later on rediscovered in 

iHnnmni. 

Like in the case of the superfield g*, the -D(2, 1; a) superconformal transformations of 
V^^ can be deduced from the identification ()4.3|) . In particular, the conformal supersym- 
metry acts as 

8V'^ = -2ia [(e ■ ^ + e ■ 9)V'^ + {tHk - tke^')V^'^^ + {tkO^' - t^'OuW^'^^] . (4.7) 

Invariant superfield actions consist of a superfield kinetic term and a superpotential 
[ZllHHSj. The superconformally invariant superfield kinetic term reads 

Sp = j dtd^'e (V^)^ . (4.8) 

As in the "hypermultiplet" case, for a = —1 the action (j4.8p vanishes and should be 
replaced by 

4"^-') = -lJ dtd^d {VyhnV^ (4.9) 

The potential term can be written in a manifestly = 4 supersymmetric form either 
with the help of prepotential solving eqs. ()4.4|) 7], or as an integral over the = 4, c? = 1 
analytic harmonic superspace [TBj . 

As the last remark of this Section let us note that the explicit expressions of the 
"tensor" multiplet ()4.3p and the "hypermultiplet" ()3.3|) in terms of initial Goldstone 
superfields give the hint how to construct the former out of the latter. Indeed, from eqs. 
()4.3|) and ()3.3|) it follows that V^^ can be represented as the following composite superfield 

One can check that, in consequence of the "hypermultiplet" constraints ()3.4p . the com- 
posite superfield V^^ automatically obeys ()4.4|) . This is just the relations established in 

m- 

The expressions (j4.1(Jj) supply a rather special solution to the "tensor" multiplet con- 
straints. In particular, they express the auxiliary field of V^^ through the time derivative 
of the physical components of which contains no any auxiliary field. ^ As a consequence, 
the superpotential of V^^ is a particular case of the superpotential which produces no 
genuine scalar potential for physical bosons and gives rise for them only to a Wess-Zumino 
type term of the first order in the time derivative. 



5 N=4, d=l "nonlinear" multiplet 

In the previous two Sections we considered two cases when the generator of dilatations D 
is placed into the coset along with some SU (2) generators. Alternative possibilities arise 

^This is a nonlinear version of the phenomenon which is generic for d — 1 supersymmetry and was 
discovered at the hnearized level in ^1 1201 ■ 
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if we place the generator of dilatation D into the stability subgroup (together with the 
generator of conformal boosts K). We firstly consider the case with all generators of one 
5^(2) being present in the coset. This case is singled out by setting m = 0, ^ = in the 
general coset element ()2.6p . 

The "nonlinear" multiplet we are going to construct parametrizes the coset SU{2) 
bosonic manifold. To express all spinor derivatives from our set of bosonic superfields 
ip,(f,(j) in terms of Goldstone fermions we should impose the following set of con- 

straints: 

UJVs 1= o^y 1= tuvl = . (5.1) 

They are covariant because the corresponding Cartan forms are still homogeneously trans- 
formed among themselves under the left action of D(2, l;a). On the other hand, the 
Cartan form ujd which enters the previous constraints ()3.1|) . ()4.1|) now belongs to the 
stability subgroup algebra and so transforms inhomogeneously. For this reason it cannot 
be used for defining any covariant constraint in the case under consideration. 
Explicitly, the constraints ()5.1|) amount to the following set of equations 

D^A = ~2iaA {ip^ + Aip^) , D^A = -2ia {^'^ - A^/j^) , = -2a {i^^ + A^^) , 

D^A = 2ia (^^ + Ai!^) , D^A = -2iaA {ip^ - Aip^) , = 2a {ip'^ - Aip^) (5.2) 

(and c.c). They express 12 spinor derivatives of the bosonic superfield ip,ip,(j) in terms 
of 4 fermions ip^, ip^ . Evidently, this implies the existence of additional constraints on the 
bosonic Goldstone superfields. These constraints can be put in a more concise form by 
passing to the new 4 by 4 matrix variables A^"*: 

N'' = -^=A, Ar2i = / iVi2 ^ ^ iv22 = _ A . (5.3) 

V 1 + AA V 1 + AA VI + AA V 1 + AA 

Here, the new doublet index a is associated with some extra global SU (2) which commutes 
with D{2,l;a) (and with the N = 4,(1 = 1 Poincare superalgebra C D{2,l;a)). The 
superfields A^"* by construction obey the algebraic constraint 

N^'Ki = 2 (5.4) 

which ensures the number of independent superfields to be three as it should be. The 
additional irreducibility constraints which follow from ()5.2|) can now be easily read off as 

N^'D^N'^^ = 0, N^'^'D^Nj^^ = . (5.5) 

Comparing them with those of ref.^I], we recognize A^"* as a c? = 1 analog of the = 
2,d = 4 superfield which represents the nonlinear multiplet. 

In order to reveal the component field content of A^"% it is convenient to pass to 
another useful representation of the d = 1 "nonlinear" multiplet in terms of the following 
set of superfields: 

X = e~'^A, X = . (5.6) 

The constraints ()5.5|1 are rewritten as 

D^X = 0, D2X = 0, (e'^X) = -iD^cj), Di (e'^X) = iDa^ (5.7) 
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(those including X follow by conjugation). Now it is clear that, due to (j5.7p . derivatives 
of each N = 4 superfield with respect to, say, 62, 6"^ can be expressed as derivatives with 
respect to 6*1, 9^ of some other superfield. Therefore, only the 62 = 9'^ = components of 
each superfield are independent N = 2 superfields. Moreover, the N = 2 superfield X\ 
(with $2 = 6'^ = 0) is chiral. Thus, from N = 2 point of view, the "nonlinear" multiplet 
contains one general N = 2 superfield and one chiral superfield X, i.e. formally it 
has the same off-shell field content (3,4,1) as the "tensor" multiplet V^^ of Section 4. 
However, their superconformal properties are radically different, and this is the main 
distinction between these two multiplets. The transformation properties of A^"* under 
conformal supersymmetry ()2.15|1 may be directly determined using and ()2.1fij) : 

6N^' = 2ia {e^'O^^ - e^'O^^) N'^ . (5.8) 

This has to be compared with the analogous transformation law of V^^ , eq. (j4.7|) . Under 
the Poincare supersymmetry the superfields iV"* transform as scalars. All other D(2, 1; a) 
transformations appear in the anticommutator of the conformal and the Poincare su- 
persymmetries. Hence, as in the previously considered cases, it suffices to know explicit 
realization of these two supersymmetries only. E.g., commuting ()5.8p with the Poincare su- 
persymmetry transformation, one finds that the superfields A^"* has the dilatation weight 
zero. The same is true for physical bosonic fields of this multiplet. 

As regards the actions of the d = 1 "nonlinear" multiplet, the general off-shell action 



'AT 



dtd^OLiN"') , (5.9) 



where L^N""^) is an arbitrary real function of A^"*, is obviously invariant under A^ = 4 
Poincare supersymmetry. Keeping in mind that A^"* has zero dilatation weight, while 
the integration measure in (|5.9p has the weight +1, one comes to the conclusion that 
superconformally invariant action for A^"* can be constructed only by coupling A^*^* to 
some dilaton-containing superfield. 

The simplest example of SU{2) x SU (2) invariant action reads 

Si = - j dtd'^e ln(l + XX) = - j dtd^e ln(l + AA) . (5.10) 

It is invariant under two commuting SU{2) groups which one can define on A^"*: the 
R-symmetry SU{2) acting on the indices i and transforming superfields A, A by the rule 
(|2.20|) and the second SU (2) commuting with A^ = 4 supersymmetry (and with Z)(2, 1; a)) 
and acting on the extra doublet indices a 

52N''' = -i^"^'^ Ni . (5.11) 

In variables ()5.6|) this second group acts as follows 

52X = 7^^ - 2j''X + j'\Xf , 62X = 7^^ + 27^^X + j'\Xf , 

62(f) = -2i-f^^ + i-f^^X -i-f^'^X . (5.12) 

Using the constraints ()5.7|1 . it is easy to check the invariance of the action under both 
these SU{2) groups. Indeed, 

5i ln(l + AA) = aA + aA , ^2 ln(l + XX) = 7^^^ + 7=^^X (5.13) 
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and these variations vanish under the Berezin integral since, e.g., it follows from (j5.7|l 
that 

D^D'^k = 0, 

while X obeys the twisted chirality conditions. 

If we define the physical components of the superfields 0, X, X as 



the action ()5.10|) takes the form (auxiliary fields vanish on shell): 



(5.14) 



^1 



dt 



•2 i<p{XX - XX)-2XX X^X"^ + 2XXXX + X'^X'^ 



l + XX 



[l + XXf 



. ; 7 ^ , iii + Xii, + Xi,i a(20 + XX) 
+2iipy) + 2 = 2z- 



l + XX 



:i + XX)^ 



(5.15) 



The bosonic part of (|5.15|) can be concisely rewritten in terms of 0, A, A: 

2 " 



Si 



bos 



dt 



AA- AA 

i =^ 1 + 

1 + AA 



4AA 



(1 + AA)2 



(5.16) 



The term within the parentheses is just the U{1) Cartan form of the R-symmetry group 
SU (2) in the parametrization by (0, A, A) while the second term is the d = 1 pullback of 
the standard metric on the coset SU{2)/U{1). These two parts of the action (|5.16|) are 
separately invariant under the left shifts of the R-symmetry SU{2), while their strict ratio 
is fixed by the second SU{2) invariance ()5.12|) which rotates the U{1) and SU{2)/U{1) 
Cartan forms through each other. Thus the action ()5.16p actually defines a. d = 1 sigma 
model on the coset SU{2) x SU{2)/ SU{2)diag, or, in other words, a sigma model of 
principal chiral field on SU{2). So the superfield action (j5.1Up yields X = 4 superextension 
of this sigma model. In the general action ()5.9p both these SU{2) symmetries can be 
broken. Note that the action ()5.9p and its particular case ()5.10|) are trivially invariant 
under third SU{2) group which is contained in the original supergroup D{2,l;a) and 
from the very beginning was placed into the stability subgroup in our construction. It 
acts only on the fermionic fields and rotates them through their conjugates. 

Finally, we can write a composite version of the "nonlinear" multiplet by expressing 
X"* in terms of the "angular" part of the d = 1 "hypermultiplet" 



X° 



(5.17) 



where g"* = {q\(t) and |g| = ■>/ q^^Qai- As a consequence of ()3.4|) . such a composite 
X"^* automatically obeys the constraints ()5.5|) . However, the representation ()5.17|) is very 
restrictive, since it expresses the auxiliary field of "nonlinear" multiplet through the time 
derivative of physical bosonic fields of the "hypermultiplet" g*. It is worth noting that 
this substitution linearizes the sigma model action (|5.16|) when the auxiliary fields of X"* 
are retained. The auxiliary fields term in the action becomes a kinetic term for the radial 
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part |g| of g*^* and it combines with the sigma model Lagrangian for the angular part of 
in such a way that one finally ends up with the free SU{2) x SU{2) invariant kinetic 
term for the 5*0 (4) vector 

One can reformulate the "nonlinear" multiplet in terms of analytic harmonic N = 
4, c? = 1 superfield subjected to certain harmonic constraint ^^1; in a full analogy with its 
N = 2,d = 4 prototype [21] • Then, besides the sigma model action (|5.9p . a superpotential 
term can be set up for this multiplet as an integral over the analytic harmonic N = 4,d = 1 
superspace. We plan to perform a more detailed analysis of possible actions for the d = 1 
nonlinear multiplet and construction of the corresponding SQM models elsewhere. 



6 N=4, d=l "nonlinear chiral" multiplet 

In this Section we shall consider the last possibility for choosing different bosonic sub- 
manifolds in the coset ()2.6|) . Namely, we shall keep in the coset only bosonic superfields 
parametrizing the sphere 5*^ ~ SU{2)/U{1). Hence, we put m = 0, 2; = 0, = in the 
coset element (j2.6|) . Now we have only two bosonic superfields ip,(f (or A, A related to 
the former ones by the equivalence relation ()2.11|) ). We impose the following constraints: 

ujv 1= oJv\ = . (6.1) 

Explicitly, after elimination of the fermionic Goldstone superfields, these constraints 
amount to the irreducibility conditions 

D^A = -AD^A , D2A = ADiA (and c.c.) . (6.2) 

The superfields A, A obeying ()6.2|1 are recognized as a nonlinear modification of standard 
chirality constraints. The crucial difference from the latter lies in that the constraints ()6.2|) 
are covariant with respect to D{2,l;a) group for any a, while the chirality constraints 
are covariant only for SU{1, 1|2) ~ D{2, 1; —1). The constraints ()6.2j) leave in A, A the 
following independent superfields projections: 

A, A, ^ = -D^A, i) = DiA, 

^ = D^A, ^ = -D2A, B = DiD^A, B = D2D% (6.3) 

which are just the irreducible (2,4,2) field content with A, A and B, B being the physical 
and auxiliary bosonic fields, respectively. 

Like in the previous case of "nonlinear" multiplet, the general sigma- model type action 
of A, A possesses only = 4, ci = 1 super Poincare invariance and is given by 

Sa = j dtd'^9L{A,A) , (6.4) 

where L (A, A) is an arbitrary real function of A, A. The more restrictive case corresponds 
to preserving at least U{1) symmetry generated by V3. The relevant action is 

82= [ dtd^e /(AA) , (6.5) 
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where / is a real function of the product AA. After passing to the components (j6.3|l 
and ehminating the auxihary fields by their equations of motion, action ()6.5p takes the 
following form: 



S, 



dt 



-4(?^^^ + 2ig Uij + + 2ig' f AA^^ + AA^I - ^ig^"^ ^ 



1 + AA 



1 + AA 



+ 



AA(l + AA) (g 



(9 



/\2 



+ (1 + AA) g' + 
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1 + AA 



I- 



(6.6) 



Here, 



(1+AA) [f"AA + f'] 

and prime means derivative with respect to (AA). 

Let us remind that the superfields A, A do not contain dilaton (generator D is now 
in the stability subgroup). Therefore, like in the case of "nonlinear" multiplet, it is 
impossible to construct superconformally invariant actions of the sigma-model type out 
of A, A alone. The superconformally invariant action can likely be constructed only by 
coupling the "nonlinear chiral" multiplet to some other N = 4 supermultiplet containing 
a dilaton among its field components. On the other hand, it is easy to construct the 
action which is invariant under the R-symmetry SU (2) transformations ()2.20j) 



dt<fe In (1 + AA) 



(6.7) 



(the general action ()6.4|1 and ()6.7j) are trivially invariant under the group SU{2) which 
belongs to the stability subgroup and acts only on fermions). In components the action 
()6.7|) takes the form 



So 



dt 



4AA 



. . # + ^ . . AA# + AA^e + A^^ + A^^p 



1 + AA)2 1 + AA (1 + AA)2 

It is drastically simplified after passing to the new fermionic fields 



(6.8) 



1 + AA' ^ 



in terms of which it reads 

^3 




1 + AA 



2ii)i) - 2i^^ 



(6.9) 



(6.10) 



We thus conclude that the action ()6.7j) describes a = 4 superextension of the d = 1 
SU(2)/U{1) nonlinear sigma model. 

The "nonlinear chiral" multiplet can be constructed as a composite one in terms of the 
"hypermultiplet" , "tensor" and even "nonlinear" d = 1 multiplets. The corresponding 
expressions can be easily found using ()4.Hj) and In particular, in terms of the 

"hypermultiplet" the superfields A, A can be expressed as: 



1 

A = 



A = -^. 

?2 



(6.11) 
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Of course, these realizations are very special since the nonlinear chiral multiplet contains 
more auxiliary fields (just 2) compared to other multiplets (just 1 or 0). Therefore, in all 
these realizations some of the auxiliary fields present in A, A (or even all in the case of 
"hypermultiplet" ) are expressed via the time derivatives of physical components of q\ V^^ 
or N"'. 

Finally, we would like to point out that N = 2,d = 4 analog of "nonlinear chiral" 
multiplet is unknown. A formal generalization of the constraints ()6.2p to the d = 4 case 
reads 

DlA = -ADlA, dIa = -AdIa . (6.12) 
After passing to the new covariant derivatives defined as 

Vl = Dl + ADl v\ = d\ + AdI (6.13) 

the constraints (j6.12p take the very simple form 

VlA = 0, vIa = . (6.14) 



Formally, the derivatives (|6.13|) look like covariant derivatives in the harmonic N = 2,d = 
4 superspace pi], with A, A being "harmonics" in a special gauge. Then the constraints 
()6.14j) could be treated as the Grassmann harmonic analyticity conditions for A, A. Hence, 
the constraints ()6.12|) may be interpreted as the ones describing a special nonlinear real- 
ization in harmonics superspace, with harmonics becoming Goldstone N = 2 superfields. 
Of course, the same interpretation can be done in the projective superspace |^. In this 



case the extra complex variable, which is usually introduced to define the set of anticom- 
muting spinor derivatives in the projective superspace, should be considered as an = 2 
superfield obeying nonlinear chirality conditions. The detailed discussion of such a new 
type of N = 2,d = 4: supermultiplets is out of the scope of the present paper and will be 
given elsewhere. 



7 Special case: su(l,l|2) with central charges 

In the previous Sections we considered some multiplets on which the supergroup D(2,l; a) 
can be realized. They exist for arbitrary values of parameter a. The special case a = — 1, 
when superalgebra D{2, 1; —1) is isomorphic to the semi-direct sum of su{l, 1|2) and su{2), 
is also admissible. The main peculiarity of this case is the special form of superconformal 
invariant actions for the "hypermultiplet" and "tensor" multiplet. 

Let us remind that the choice a = is inadmissible with our definition of the coset 
space fl2.6|) because the Cartan forms wy, tuy, t^Va f)2.9|) would be equal to zero in this 
case. Hence, it would be impossible to relate the covariant derivatives of scalar Goldstone 
superfields (p,ip,(j) to the fermions ipiiip^. However, there is still a possibility to reach 
a = 0, but for the properly contracted 1^(2, 1; a). Namely, let us redefine the 5^(2) 
generators V, y, V3 as 

Z = aV, Z = aF, Z3 = al/3 . (7.1) 

All the (anti) commutation relations of D(2, l;a) can be rewritten in terms of Z, Z, Z3. 
Setting a = in these relations leaves us with a sm(1, 1|2) superalgebra extended by three 
central charges. Indeed, from ()2.1|) - ()2.4|) it immediately follows that for the choice a = 
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the generators Z, Z, Z3 commute with everything (including themselves) but they still 
appear in the cross-anticommutators of the Poincare and conformal supercharges: 

{Q\S^} = -2e'^T, {Q\S2}=2Z, {Q\Si} = -2D-2Zs + 2n, 
{Q^Si} = -2Z, {Q\S2} = -2D + 2Z^ + 2n. (7.2) 

Now we can define a realization of this extension of SU{1, 1|2) by three central charges 
in the following coset: 

(as before, the other su{2) generators T,T,T^ are placed into the stability subgroup). 
Now the Cartan forms ()2.8|1 are drastically simplified: 



ud = idu - 2 [ip^'dOi + ipidO'') - 2izdt , 

uz = id^ + 2 [%l)2d9^ - {dd2 - ^2di)] , uJz = id^ + 2 [^p'^dOi - ipi [dO^ - tp^di)] , 

ujz, = d(j) + 2 [iPide^ - tfj^dOi - %l)2dP + %l)'^de2 + (V- Vi - ^^^2) dt\ . (7.4) 

The superconformal transformations are generated by the left shifts of the coset element 
()7.3|) by the supergroup element ()2.15p 

Explicitly, they are 

St = -it{e-e + e-e)+e-e{e-e-e-e), 5ei = eit + 2iei{e ■ e) - iei{9 ■ 6), 
6u = -2i{e-e + e-e) , 6(f) = 2 [e^Oi - ^62 - e^O^ + €26'^] , 

6ip = 2i {626^ - 6^2) . (7.5) 

Now we shall list the = 4, ci = 1 supermultiplets which can be obtained by applying 
our procedure to this central charge-extended sm(1, 1|2). 

7.1 "Hypermultiplet" 

As in the Section 3, we place all four bosonic superfields u, ip, (p, into the coset and 
impose the following constraints 

ijJD = ijJz\= ^z\= ^Z:i\ = ^ ■, (7.6) 

or, explicitly, 

= 0, D^(p = -2i^^, D^(t> = -2^\ D^u = 2iip\ 
= = 0, D^(f) = 2ij^, D^u = 2iij^, u = 2z (7.7) 

(and c.c). After passing to the new variables 

gl = (^, g2^-i(M-Z0), = g2 = -^(m + «0), (7.8) 
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the constraints acquire the famihar form 

L'(^g^) = 0, D^'q^^ = 0. (7.9) 

Surely, no SU (2) group reahzed on the doublet indices of and is present now, despite 
the fact that the constraints look S'f/(2)-covariant. The simplest SU{1,1\2) invariant 
action can be written as 

S = [ dtd^e e-('?'+'^2)(g2 + q2) = - I dtd^O e^M . (7.10) 



7.2 "Tensor" multiplet 

In this case the constraints formally coincide with ()4.H) . but look much simpler when 
rewritten in the explicit form: 

= 0, /^V = -2i^^ D^u = 2iij\ 

= = 0, D\ = 2#^ (7.11) 

(and c.c). Once again, we can introduce a new = 4 superfield V^^ such that V^^ = V^^ 
and K*'^ = eu'ekk'V'^ ^ via the identification 

v2 

and rewrite the constraints (j7.1ip as 

f^iiyjk) ^ Q ^ -^(iyjk) ^ Q _ ^7_^3^ 

Thus, we have the same "tensor" multiplet as before but with much simpler expression 
for it in terms of coset fields. The price we have to pay for this simplicity is the lost of 
su{2) invariance. 

The invariant action for this case in terms of = 2 projections of = 4 superfields 

■11 = ^1, X = ip\, A = (^1 , (7-14) 
where | means restriction to 6"^ = 62 = 0, has the following form 



s = -\ I dtd^e 



e" [DDu + DXDX) + k In 



u 



(7.15) 



It contains the kinetic and potential terms in analogy with the SU (2) "tensor" multiplet 
of the Section 4. 

7.3 "Nonlinear" and "nonlinear chiral" multiplets 

The Cartan forms (j7.4j) for the case we are considering do not contain any nonlin- 
earities. Hence, we could expect that "nonlinear" multiplets will actually become linear. 
This is indeed so. 
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For these "nonlinear" multiplets we obtain the following constraints 

= 0, /^v = -2#^ /^v = -2^\ 

= 2«^/'\ D'^q) = 0, = 2ip^ (7.16) 

(and c.c). They can be rewritten just as ()7.13|) . Therefore, "nonlinear" multiplet for 
the contracted superalgebra coincides with the "tensor" one. But their transformation 
properties are still radically different, because the "tensor" multiplet contains the dilaton 
u while in the "nonlinear" case we deal only with Goldstone fields for the central charge 
generators. 

A similar linearization takes place for the nonlinear chiral multiplet. Indeed, the 
constraints now read 

= 0, = (7.17) 

and define a sort of twisted chiral d = 1 multiplet. 

Any Lagrangian function of these superfields will respect manifest off-shell N = 4,(1 = 
1 supersymmetry. In these distinct from the options considered in the previous 

Sections, one cannot construct out of these superfields alone not only superconformally in- 
variant, but also SU{2) invariant actions (though still persists the "trivial" SU{2) realized 
on fermions only). 

7.4 "Old" multiplets 

Here we mention two additional possibilities which exist for the central charge extended 
su{l, 1|2) superalgebra. Actually, one of them exists as well in the general D{2, 1; a) case. 

First of all, we could consider the case when the set of bosonic Goldstone superfields 
in the coset ()7.Hj) includes only dilaton u and one extra Goldstone superfield associated 
with the central charge Z^. The set of constraints in this case 

= D^u = 2i^\ D^(^ = 2ip^, D\ = 2i'ip'^ (and c.c.) (7.18) 

defines the ordinary = 4 chiral superfield u + icp . Let us remind that the chirality 
conditions are compatible only with the sm(1,1|2) superalgebra. In more detail such a 
supermultiplet and the corresponding actions have been considered in |23j . 

The last possibility corresponds to retaining the single dilaton u in the bosonic part of 
the coset ()7.3|l . In this case no any constraints appear since four Goldstone fermions are 
expressed through four spinor derivatives of u. As was shown in [2^, one should impose 
some additional irreducibility constraints on dilaton u 

D'Di e""" = DiD' e~"" = [D\ A] e""" = (7.19) 

in order to pick up in u the minimal off-shell field content (1,4,3). Once again, the detailed 
discussion of this case can be found in 

In fact, the same multiplet can be derived from the nonlinear realization of D{2, 1; a) 
in its coset ()2.6|) . with all bosonic superfields except the dilaton being equal to zero. This 
clearly corresponds to placing both internal SU{2) groups into the stability subgroup. 
The only constraint is 

ujd\=0, (7.20) 
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and it serves to trade the Goldstone fermions for the spinor derivatives of u without 
implying any additional constraints for u. One can further constrain u by ()7.19|) and check 
the covariance of this set of constraints under the whole D{2, 1; a). This example shows 
that our method is directly applicable for deriving only those irreducible N = 4,d = 1 
superfields which are defined by constraints of the first order in spinor derivatives. On the 
other hand, we could re-derive the multiplet u from our V^'' discussed in [7, and Section 
4. Indeed, one can construct the composite superfield 




(7.21) 



which obeys just the constraints ()7.19|1 as a consequence of ()4.4|) . The relation ()7.21|) is of 
the same type as the previously explored substitutions ()4.1()j) or ()5.17|1 and expresses two 
out of the three auxiliary fields of u via physical bosonic fields of V"*^ and time derivatives 
thereof. The D{2, 1; a) invariant action for the superfield -u at a 7^ —1 and a = —1 can 
be then obtained by the substitution — > e"" in ()4.8p and ()4.9p 

= y dtc/^^ e" , S^^=-^^ = j dtd^e e"" u . (7.22) 

Note that in [22] only the action for the 5'f/(l, 1|2) case (i.e. with a = —1) was considered. 



8 Summary and concluding remarks 

In this paper we showed that a lot of off-shell N=4, d=l supermultiplets with irreducibility 
constraints of first order in spinor derivatives can be self-consistently derived from non- 
linear realizations of the most general N=4,d=l superconformal group D{2,l;a) in its 
appropriate coset superspaces. Multiplets with irreducibility constraints of higher order 
in spinor derivatives can be derived from these basic ones via a chain of proper substitu- 
tions. In this way we derived most of the previously known multiplets as well as two new 
multiplets which have not yet been exploited in constructing N=4 supersymmetric SQM 
models. 

Our results are summarized in the Table below. 



multiplet 


content 


R symmetry coset 


dilaton 


a 


superfield 


"old tensor" 


(1,4,3) 




yes 


any 


u 


chiral 


(2,4,2) 


central charge 


yes 


0,-1 




nonlinear chiral 


(2,4,2) 


su{2)/u{l) 


no 


any 


A, A 


tensor 


(3,4,1) 


sm(2)/m(1) 


yes 


any 




nonlinear 


(3,4,1) 


sm(2) 


no 


any 




hj^ermultiplet 


(4,4,0) 


sn(2) 


yes 


any 





Using the same method, we also derived A^=4 multiplets associated with nonlinear 
realizations of the supergroup SU{1, 1|2) modified by three central charges. Our method 
automatically yields the superconformal transformation properties of the final irreducible 
superfields, which is helpful in constructing their superconformally invariant actions. How- 
ever, these superfields can be used equally well for constructing actions which in general 
exhibit only Poincare supersymmetry. 
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As an interesting project for further study we mention the exphcit construction of SQM 
models associated with the new iV=4, d=l supermultiplets found here. Another promising 
task includes generalizing these techniques to N>4, d=l supersymmetries, classifying with 
its help the corresponding supermultiplets and constructing examples of the SQM models 
associated with these supermultiplets. At present not too much is known about SQM 
models with such a large amount of supersymmetry. As a first step towards this goal one 
may attack the case of N=8,d=l supersymmetry |24j . 

Finally, let us briefly argue why there is no need to also consider the situation where 
generators from both SU{2) groups (V, t^, V3) and (T, TjTs) are present in the coset 
()2.fi|) . For generic a there are not too many possibilities to place generators from both 
SU{2) groups into the coset. Indeed, we have only four fermionic superfields in the game. 
Therefore, the maximal number of bosonic superfields must be less then or equal to four. 
This leaves only three possibilities for the bosonic coset: 

a) Sf/(2) X SUi2)/SUi2Uag; 

b) SU{2) X SU{2)/SU{2)diag plus dilaton u; 

c) [SUi2)/Uil)] X [SUi2)/U{l)] . 

Let us dwell on the first case. At the linearized level the corresponding constraints read 

V = , iD^^ + = , Wicp - + (1 + a)ipi = , zDs^ + (1 + a)i'2 = , 
DVs + (1 + '2a)ij' = 0, ^203 + ^2^0, Di03 - V-i = 0, D^h -^2 = 0, 

where the A^=4 superfields (p^cp^cf)^ parametrize the coset SU{2) x SU{2)/ SU{2)ciiag- It is 
easy to observe that these constraints together with their complex conjugates imply 

4> = (f) = <p3 = . 

Apparently, these constraints are too strong, and the corresponding case should be ex- 
cluded from our consideration. The same is true for the other two possibilities mentioned 
above. 

We close by noting that one can construct "mirror" A^=4, d=l multiplets by switching 
between the two internal SU{2) groups: place the one acting on indices i, k into the 
stability subgroup while lifting the other one up into the coset. Clearly, the resulting 
superfield constraints will look the same as before, modulo a different splitting of the 
iV=4, d=l superspace coordinates and spinor derivatives into the SU{2) doublets. New 
interesting possibilities may arise from actions which include both types of multiplets 
simultaneously. 
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